We investigate numerically the temperature and density dependence of the Stokes-Einstein ratio, Dη/T, and of two commonly-used variants thereof, Dτ and Dτ /T, where D is a diffusivity, η the shear viscosity, and τ a structural relaxation time. We consider a family of atomic binary mixtures with systematically-softened repulsive interactions, and the Lewis-Wahnström model of orthoterphenyl (OTP). The three quantities grow significantly as the temperature decreases in the supercooled regime, a well-known phenomenon. At higher temperatures, Dτ exhibits negative violations of Stokes-Einstein behavior, i.e., decrease upon cooling, for the atomic systems, though not for OTP. We consider two choices for the relaxation time, one based on the decay of the self-intermediate scattering function, and the other on the integral of the stress autocorrelation function. The instantaneous shear modulus exhibits appreciable temperature dependence for the two classes of systems investigated here. Our results suggest that commonly-invoked assumptions, such as τ ∼ η and τ ∼ η/T, should be critically evaluated across a wide spectrum of systems and thermodynamic conditions. We find the Stokes-Einstein ratio, Dη/T, to be constant across a broad range of temperatures and densities for the two classes of systems investigated here.
I. INTRODUCTION
The well-known Stokes-Einstein equation, which combines Einstein's analysis of the diffusion of small suspended particles, 1 and Stokes' formula for the drag on a rigid spherical particle moving through a viscous fluid, 2 is given by
Here, D is the diffusion coefficient of the macroscopic spheres of radius a, η is the shear viscosity of the surrounding fluid at temperature T, and k B is Boltzmann's constant. C is a constant that depends on the boundary conditions at the particle-fluid interface, and ranges from 6π for no-slip to 4π for slip boundary conditions. 3 Equation (1) has been successfully applied to a wide variety of situations, including enhancement in the thermal conductivity of nano-particle suspensions, 4 diffusion of proteins or other macromolecules in solution, [5] [6] [7] [8] transport in cells, 9 and magma flow beneath the earth's crust. 10, 11 In these cases, a is taken to be an effective hydrodynamic radius. 12 Furthermore, although Eq. (1) was derived for a sphere of supermolecular dimensions suspended in a continuum, a molecular-level version of the Stokes-Einstein equation, where D now represents the self-diffusion coefficient of a uniform fluid, has been found experimentally to be valid over a wide range of temperatures for many liquids. [13] [14] [15] [16] [17] [18] [19] [20] Thus, for a given liquid, we can define a quantity, Dη/T, whose constancy, or lack thereof, over a range of thermodynamic conditions, serves as a measure of the validity of the StokesEinstein equation at the molecular level. One then says that the Stokes-Einstein equation is valid when Dη T = constant (2) and any deviations away from Eq. (2) would indicate a Stokes-Einstein violation. A well-known condition where Stokes-Einstein violation occurs is when a liquid undergoes deep supercooling. [18] [19] [20] [21] [22] [23] As the temperature is decreased into the supercooled regime, the rate at which the viscosity increases can become orders of magnitude larger than that at which the self-diffusion coefficient decreases, and Dη/T then deviates strongly from Eq. (2) . Interestingly, the rotational analog of Eq. (1) (known as the Stokes-Einstein-Debye equation 24 ), D r = k B T/C ηa 3 , where D r is the rotational diffusion coefficient and C is a numerical constant, can remain valid even when Eq. (2) begins to break down. [25] [26] [27] This decoupling of translational and rotational diffusion has been explained by invoking dynamic heterogeneity, which refers to the presence of transient spatially separated regions with vastly different relaxation times. 24 The microscopic origin of this supercooled Stokes-Einstein violation, and of the decoupling between translational and rotational motion, is a topic of considerable research interest.
investigation of the mechanisms underlying the StokesEinstein violation. Simulations calculating the StokesEinstein parameter Dη/T for soft-sphere systems have shown good qualitative agreement with experiments; 38, 39 Eq. (2) is obeyed at moderately high temperatures, but deviations occur as the temperature is progressively decreased. However, because the shear viscosity, η, is a computationally intensive quantity to calculate in simulations, 38 it has become increasingly common in computational studies to reinterpret the physical meaning of the Stokes-Einstein relation simply as the product of a diffusion coefficient and a relaxation time. Indeed, many studies of the Stokes-Einstein violation use a structural relaxation time, τ , as a substitute for the viscosity, η. 25, [40] [41] [42] [43] [44] [45] [46] The functional form of the relation between τ and η varies among different studies; the two most often used are τ ∝ η [44] [45] [46] and τ ∝ η/T. 25, [40] [41] [42] [43] The proportionality between η and τ is based on the expression η = G ∞ τ , where G ∞ is the instantaneous shear modulus, and τ is now a stress relaxation time. It is commonly assumed in the simulation literature that the structural and stress relaxation times are interchangeable; the validity of this assumption has not been systematically tested. Although G ∞ does have a slight temperature dependence, 47 in the supercooled regime both η and τ can increase by many orders of magnitude as a result of modest decreases in temperature. Thus G ∞ is treated as a constant, leading to the approximate relation τ ∝ η, which in turn gives D ∝ T/τ . The second relation, τ ∝ η/T results from the Gaussian solution to the diffusion equation, 48 given by F s (k, t) = exp(−k 2 Dt) ≡ exp(−t/τ ), where F s (k, t) is the self-intermediate scattering function and k is the associated wave vector. It follows then that D∝1/τ , which implies τ ∝ η/T. Yamamoto and Onuki have shown empirical evidence in support of this second relationship. 43 It is important to point out that although the relations τ ∝ η and τ ∝ η/T differ by a factor of 1/T, both appear to be reasonable approximations when studying the Stokes-Einstein violation in the deeply supercooled regime, when small temperature changes result in order of magnitude changes in both τ and η.
Although it has become standard in numerical studies to calculate Dτ /T or Dτ as substitutes for Dη/T when investigating the Stokes-Einstein violation, a systematic study of the various forms of the Stokes-Einstein ratio has not been carried out over broad ranges of thermodynamic conditions. The goal of this work is to investigate numerically the temperature and density dependence of the three Stokes-Einstein ratios, Dη/T, Dτ /T, and Dτ , for selected atomic and molecular model systems. We seek to highlight some non-trivial distinctions between the true Stokes-Einstein equation, where viscosity is used, and the "proxy" Stokes-Einstein equations, where a relaxation time is used instead. We also investigate the validity of the assumption of interchangeability between structural and stress relaxation times. In Sec. II we define the models and provide details of the computational methods utilized in our investigation. The qualitative differences that arise between the three variants of the Stokes-Einstein relation are presented and analyzed in Sec. III. The principal conclusions and suggestions for further study are presented in Sec. IV.
II. METHODS

A. Model atomic system
We seek to investigate the Stokes-Einstein relation in both model atomic and molecular systems. For the model atomic system, we choose a family of systematically softened (n, 6) pair potentials 49 with the following functional form:
where
The parameters λ and α are chosen such that the well depth and radial location of the minimum of the generalized (n, 6) potentials coincide with the minimum of the standard (12, 6) Lennard-Jones potential. A detailed discussion of the thermodynamic and dynamic properties of binary mixture systems interacting via this family of potentials is given in Ref. 49 . In this study, we will use a representative sample of potentials defined by Eq. (3), with n = 7, 9, and 12. For each interaction potential, we apply the well-known Kob and Andersen binary glass-forming mixture parameterization, 50 1/2 . In order to ensure continuity of the potential and its first derivative at a cutoff distance r c , we apply a shifted force (sf) correction to the potentials:
To minimize the effects of the shift on the shape of the various potentials, a rather large cutoff of r c = 3.5 is chosen.
B. Model molecular system
For our molecular system, we choose the Lewis and Wahnström model for ortho-terphenyl 51 (1,2-diphenylbenzene, OTP). In this model each phenyl ring is represented by a Lennard-Jones site ( = 5.276 kJ/mol, σ = 4.83 Å), and the three sites constitute a rigid isosceles triangle, with a vertex angle of 75
• and a bond length of 4.83 Å for the two equal sides. For simplicity, each site is assigned the same mass of m = 78 g/mol. Although this is a somewhat simplistic model for OTP, it allows us to observe how the results from the atomic systems change when rotational degrees of freedom are added. The rigid bond constraints are maintained by the SHAKE algorithm, and for the OTP simulations, all quantities are expressed in real units.
C. Viscosity and structural relaxation time
In molecular dynamics simulations, the shear viscosity can be calculated by a Green-Kubo time-correlation
Shi, Debenedetti, and Stillinger J. Chem. Phys. 138, 12A526 (2013) relation:
where P xy is an off-diagonal element of the stress tensor, given by
where v ix and v iy are, respectively, the x and y components of the velocity vector for atom i, and F ijy is the y component of the force on atom i due to atom j. We use the "atomic" form of the virial to calculate the pressure tensor, 52, 53 i.e., the sums are over each individual "atom" (force center) in the system, and the double summation virial term includes contributions from intra-molecular constraint forces, should any exist.
By exploiting the tensorial properties of the viscosity constant, Daivis and Evans 54 have shown that it is possible to incorporate all elements of the pressure tensor into the calculation of viscosity to improve statistics. The Green-Kubo relation then becomes
where αβ = xx, yy, zz, xy, xz, yx, yz, zx, zy,
and
The 1/10 prefix in Eq. (8) follows from the fact that the stress tensor is symmetric and consists of five independent components: 56 P xy , P yz , P xz , P xx − P yy , P yy − P zz . We define a characteristic structural relaxation time by using the self-intermediate scattering function
, where k is a chosen wave vector and r(t) is the center of mass displacement experienced by an atom or molecule in time t. In each of the systems, the magnitude of the wave vector k is chosen to correspond to the first peak of the molecular center-of-mass static structure factor. The relaxation time τ is then defined by F s (k, τ ) = 1/e.
III. RESULTS AND DISCUSSION
A. The Stokes-Einstein relations for a softened atomic system
We compute the three forms of the Stokes-Einstein ratio: Dη/T, Dτ /T, Dτ , for our family of softened potentials for densities of ρ = 1.2, 1.25, and 1.3. Here, D corresponds to the diffusion coefficient of the A particles for the various potentials, and the wave number k used to calculate the self-intermediate scattering function corresponds to the first peak of the structure factor for the A-A interactions, S AA (k). While there has been experimental evidence that the Stokes-Einstein relation can break down for one component while holding for others in glass-forming alloys, 57 we note that for our system the calculations based on either the A or B components are qualitatively similar, and the results we report here are calculated using the dynamic properties of the A particles.
In each case, we use a high temperature reference point at T = 1.2, which is well above the landscape onset temperature, below which mechanically stable packings sampled upon energy minimization begin to depend sensitively on the system's temperature prior to minimization. 58 The condition T = 1.2 thus corresponds to a state in which the system can freely sample all portions of energy landscape. Along each isochore we compute the ratio χ (T)/χ (T = 1.2), where χ = Dη/T, Dτ , or Dτ /T. Any deviation away from the horizontal line of height 1 indicates a violation of the particular Stokes-Einstein relation under investigation.
In Figure 1 , we plot the temperature dependence of the three ratios at a fixed density of ρ = 1.25 for n = 7, 9, and 12. Although all three ratios show a Stokes-Einstein violation at low enough temperatures, their behavior at higher temperatures exhibits pronounced differences. In particular, the "true" Stokes-Einstein relation, D∝T/η, is in fact valid for a wide range of temperatures, regardless of n. The ratio Dτ /T shows large deviations from unity across the entire   FIG. 1 . The Stokes-Einstein relations as a function of inverse temperature for a system interacting via softened potentials of n = 7 (left), 9 (center), and 12 (right). The Stokes-Einstein (SE) ratio is defined and color-coded as follows: Dη/T (black), Dτ (red), and Dτ /T (green), all normalized to their respective values at T = 1.2. Note the wide range in temperature where the Stokes-Einstein relation holds when viscosity is used to calculate the SE ratio. temperature range investigated, and hence exhibits qualitatively different behavior. The product Dτ approaches the Stokes-Einstein behavior as repulsions become steeper (n = 12). Note, however, that Dτ actually exhibits a negative violation at high temperatures, an effect especially pronounced when the softness of the interaction potential is increased. Here, we use the terminology "negative violation" to denote the decrease of a Stokes-Einstein ratio below the high temperature limit, corresponding to an increase of the effective hydrodynamic radius upon cooling. For the case of n = 7, we also investigate how the three Stokes-Einstein relations change as the density of the system is varied (Figure 2) . In all three cases, the large (positive) violation due to supercooling occurs at a higher temperature when the density is increased. This is a direct consequence of the increase in the landscape onset temperature 49 as the density is increased, effectively raising the temperature of the supercooled regime. However, the striking feature here is that the original Stokes-Einstein ratio that uses viscosity is indeed constant over a broad range of temperatures. Note again the negative Stokes-Einstein violation for the quantity Dτ , an effect that disappears gradually upon compression. Although Dτ and Dτ /T show the expected violation of Stokes-Einstein behavior at low temperatures, neither shows a range of temperatures where the quantity of interest remains constant, in marked contrast to Dη/T.
B. The Stokes-Einstein relations for OTP
In Figure 3 , we plot the three Stokes-Einstein variants for the Lewis and Wahnström model of OTP. At liquid temperatures, the Stokes-Einstein relation is again valid when Dη/T is used for the calculation. However, in contrast to the atomic systems, none of the three ratios show a "negative violation" at higher temperatures. In fact, the results of Figure 3 suggest that for this particular system, the product Dτ is actually a quite good substitute for the original Stokes-Einstein ratio of Dη/T. This suggests that the validity of using a relaxation time instead of viscosity when studying Stokes-Einstein behavior depends on the specifics of the system being investigated; a substitution that works well for one system might not work well for another. As was the case for the family of systematically-softened atomic systems, the ratio Dτ /T, based on the approximation τ ∼ η, deviates very substantially from 
C. The instantaneous shear modulus and stress relaxation time
For our atomic systems, neither of the substitutions τ ∼ η or τ ∼ η/T work very well, and in this section we seek to further clarify the relation between the shear viscosity and relaxation times. We begin by rewriting the Green-Kubo relation for viscosity (Eq. (8)) as follows:
.
(11) The shear viscosity is commonly written as a product of an instantaneous shear modulus, G ∞ , and a characteristic stress relaxation time, τ :
G ∞ is often approximated to be constant in temperature at constant density, in particular when studying Stokes-Einstein violation, because when a liquid undergoes supercooling, changes on the right-hand side of Eq. (12) are dominated by the order of magnitude increases in τ . However, G ∞ does in fact have a slight temperature dependence, 47 and we seek to investigate how this temperature dependence affects the qualitative differences observed at liquid temperatures between the Stokes-Einstein relations using η and those using τ .
Comparing Eq. (11) and Eq. (12), we can define G ∞ (T) and a corresponding Green-Kubo stress relaxation time
Here, we have defined a new relaxation time, τ GK , which we can now use to calculate Stokes-Einstein ratios Dτ GK and Dτ GK /T. Note that τ GK is a stress relaxation time. Figure 4 compares τ GK with τ , the structural relaxation time derived from the self-intermediate scattering function. It can be seen that the temperature dependence of the ratio of relaxation times is non-trivial, with τ /τ GK increasing markedly upon cooling. For the binary atomic mixtures, the ratio τ /τ GK approaches a horizontal asymptote at high temperatures. This suggests a coupling of the structural and stress relaxation times at high temperatures, especially for the softer mixtures, and a progressive breakdown of this coupling as the FIG. 5 . The Stokes-Einstein relations as a function of inverse temperature for a system interacting via softened potentials of n = 7 (left), 9 (center), and 12 (right). The SE ratio is defined and color-coded as follows: Dη/T (black), Dτ GK (red), and Dτ GK /T (green), all normalized to their respective values at T = 1.2. Here, the characteristic relaxation time τ GK is derived from the Green-Kubo expression for viscosity and defined by Eq. (14) . These curves behave qualitatively similarly to those of Figure 1 , where a characteristic relaxation time derived from the self-intermediate scattering function was used in the calculation. temperature is decreased. 60 Figure 5 shows the resulting Stokes-Einstein ratios based on τ GK for the binary atomic systems. We can see that the behavior of these curves, particularly for the softer mixtures, is qualitatively similar to those in Figure 1 . Figure 6 shows the temperature dependence of both G ∞ (in units of AA /σ Collectively, these results show that the temperature dependence of G ∞ is non-trivial. Furthermore, when using relaxation time to investigate Stokes-Einstein validity over a broad range of temperatures, using a different relaxation time (e.g., FIG . 8. The temperature dependence of the instantaneous shear modulus, G ∞ (T), for a system of Lewis and Wahnström OTP molecules at a density of ρ = 1.0746 g/cm 3 and 1.0578 g/cm 3 . The lines are guides to the eye. structural or stress relaxation times) can result in a qualitatively different behavior. The validity of using a relaxation time as a substitute for viscosity is dependent on both the particular definition of the relaxation time used, and the specifics of the system under study.
IV. CONCLUSIONS
In this work, we have examined three variants of the Stokes-Einstein ratio, namely Dη/T, Dτ , and Dτ /T, for model atomic and molecular systems, over a broad range of temperatures and densities.
For the family of atomic binary systems investigated here, with τ a structural relaxation time, the ratio Dτ /T, based on the approximation τ ∼ η, increases upon cooling much faster than the true Stokes-Einstein ratio Dη/T. The product Dτ , based on the approximation τ ∼ η/T, exhibits negative Stokes-Einstein violation at moderate temperatures, approaching the true Stokes-Einstein ratio as the repulsive component of the potential becomes progressively steeper. The increase upon cooling exhibited by the three StokesEinstein variants occurs at progressively higher temperatures as the fluids are compressed. As can be seen from Figures 1  and 2 , the Stokes-Einstein ratio Dη/T is constant, to a very good approximation, over a broad range of thermodynamic conditions.
The molecular system we studied, the Lewis-Wahnström model of OTP, exhibits similar behavior, with one important difference: the product Dτ is a reasonably accurate proxy for the Stokes-Einstein ratio across the conditions investigated here, and does not show negative violation of Stokes-Einstein behavior. This is consistent with the trend observed in the atomic systems, where the approximation τ ∼ η/T gets better as the close range repulsion becomes steeper, since this OTP model consists of three Lennard-Jones sites connected by rigid bonds. For this system, too, Dη/T = constant is satisfied over an appreciable range of thermodynamic conditions: 300 ≤ T ≤ 400 K at 1.0746 g/cm 3 and 280 ≤ T ≤ 400 K at 1.0578 g/cm 3 . Different choices of relaxation times can affect the behavior of the Stokes-Einstein variants in non-trivial ways. In this work we considered two relaxation times. One, denoted simply by τ in this paper, is a structural relaxation time obtained from the decay of the self-intermediate scattering function; the other, τ GK , is a stress relaxation time obtained from the Green-Kubo stress autocorrelation integral. While both relaxation times lead to similar behavior for the atomic binary mixtures, especially for the softer potentials, for the OTP system τ GK leads to negative Stokes-Einstein violations in Dτ GK , in contrast to Dτ which does not show negative violations. Furthermore, the relationship between these two relaxation times displays a non-trivial temperature dependence, especially at low temperatures.
The often-invoked simple proportionality between viscosity and relaxation time is predicated on the assumed constancy of the instantaneous shear modulus, G ∞ . Our numerical study of this quantity based on the Green-Kubo formalism reveals an appreciable temperature dependence for the two classes of systems investigated here, and G ∞ increases with temperature for both the atomic binary mixtures and OTP.
In this study, we have explored the effects of temperature changes under constant density conditions. Most experiments, on the other hand, are performed under isobaric conditions. It would be interesting to investigate numerically the extent to which the main observations reported here remain valid under the more experimentally-relevant isobaric conditions. Recent experiments suggest that in some glass-forming alloys the product Dη is constant while Stokes-Einstein violation occurs; 61 it would be interesting to explore computationally the extent to which this scaling applies more broadly to other systems.
The present calculations suggest that commonly-invoked assumptions, such as τ ∼ η and τ ∼ η/T, deserve critical scrutiny when used to construct Stokes-Einstein variants. The behavior of Dη/T, Dτ , and Dτ /T needs to be investigated for a wider range of systems than the two considered here, and across as broad a range of temperatures and densities as possible. It is also of interest to explore numerically the behavior of different relaxation times, only two of which have been considered here. It is hoped that such systematic numerical investigation will lead to a deeper understanding of relaxation processes in liquids at both supercooled and ambient conditions. Our approach in this work has been phenomenological. Numerical studies of the microscopic mechanisms underlying the rich behavior presented here constitute a natural direction for future studies.
We wish to stress in closing the remarkably broad range of conditions across which the Stokes-Einstein equation, meant to apply to supermolecular objects suspended in a fluid continuum, is also valid at the molecular level.
